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Abstract. Relativistic Coulomb systems are studied in velocity space, prompted
by the fact that the study of Newtonian Kepler/Coulomb systems in velocity space
provides a method much simpler (and more elegant) than the familiar analytic solutions
in ordinary space. The key for the simplicity and elegance of the velocity-space
method is the linearity of the velocity equation, which is a unique feature of 1/r
interactions for Newtonian and relativistic systems alike, allowing relatively simple
analytic discussion with coherent geometrical interpretations. Relativistic velocity
space is a 3-D hyperboloid (H3) embedded in a 3+1 pseudo-Euclidean space. The
orbits in velocity space for the various types of possible trajectories are discussed,
accompanied with illustrations.
PACS numbers: 03.30.+p
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1. Introduction
An ‘hodograph’ is the orbit in velocity space that corresponds to the trajectory of a
particle in ordinary space, traversed by the tip of the velocity vectors when these are
drawn all starting from the same point, the origin of velocity space. It was introduced
by Hamilton [1] as an essential tool in proving, using geometrical relations rather that
analytical, that Kepler’s 1st law follows from Newton’s law of universal attraction, the
laws of mechanics and Kepler’s 2nd law. The hodographs of Keplerian motion – indeed
of all classical motion under 1/r potentials – have the very special property that they are
full circles or circular arcs for all possible trajectories, and the geometrical proof asserts
the connection between these circles and the spatial trajectories being conic sections.
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Hamilton’s proposition was soon after elaborated by Maxwell [2]. However, for some
unclear reason (perhaps because the geometrical approach became less and less familiar
to students) Hamilton’s method and the hodograph are hardly mentioned in standard
Mechanics textbooks, even such prominent ones as Goldstein’s [3] or Landau & Lifshitz’
[4]. Keplerian motion is discussed there only analytically and only via the trajectory in
ordinary space, although, for instance, Goldstein certainly knew of Hamilton’s method
[5]. So much so, that when Feynman prepared what came to be known as his ‘lost
lecture’ [6] he re-developed Hamilton’s method anew, apparently unaware of the work
of his predecessors. Since then there appear in the literature from time to time re-
iterations and some extensions of Hamilton’s method (many times also attributed to
Feynman) for Kepler/Coulomb (KC) systems, mainly from a pedagogical point of view
complementing the bits missing in textbooks [7, 8, 9, 10, 11, 12, 13, 14]. It is also noted
that hodographs became useful tools in dynamical systems other than KC [8, 15].
However, even analytically, using the hodograph to solve Newtonian KC systems is
much simpler than the analytic solution in ordinary space [7, 13]. The unique feature of
KC systems, which allows this simplicity and elegance, is the linearity of the hodograph
equation (see (5)), a direct consequence of the 1/r nature of the potential. Although the
relativistic trajectories are much more complicated than the Newtonian ones, the virtue
of linearity of the hodograph equations persists into the relativistic regime (equations
(16) & (17)).
Besides an interest in relativistic applications of the hodograph method per se, our
interest in the hodograph solution for relativistic Coulomb systems also stems from an
interest in the relativistic EM 2-body system, which so far doesn’t have a satisfactory
solution in the special-relativistic non-quantum realm [16]. The success of using the
hodograph method with Newtonian KC systems gives rise to the hope that with its
application to relativistic EM systems a general solution may be advanced. It is therefore
also in this context that the present work has been performed.
Newtonian KC 2-body systems may be reduced to 1-body systems by transition
to the centre-of-mass (CM) reference frame. Such a simple and direct procedure is
impossible, in general, for relativistic 2-body systems because the interaction is not
instantaneous. It is therefore convenient to start with Coulomb systems, which may be
regarded as the limit of EM 2-body systems when one of the charges is much heavier
than the other, modeling hydrogen-like atoms or Rutherford scattering. Such relativistic
Coulomb systems were discussed only few times in the literature (see, e.g., [17]; also
[18, 19, 20] and references therein), almost always using only standard analytic methods
to determine the particle’s trajectory in ordinary space.
The purpose of the present work is therefore to study the dynamics of a relativistic
charged particle in Coulomb field in velocity space, aiming to obtain, possibly with some
simplicity and elegance, new and further insights into the dynamics of such systems.
A brief but illustrated summary of our results is published elsewhere [21]. The full
presentation splits here into two parts. The present article brings the theory of the
relativistic hodographs, presenting and discussing the various solutions. It starts with
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reviewing the classical hodograph method (Section 2) and presentation of the relativistic
velocity space (Section 3). Then the relativistic hodograph equations are discussed
(Section 4) and general properties of the hodographs are deduced thereof (Section 5).
These are followed by explicit discussion, accompanied with exemplary illustrations,
of all the possible solutions of the hodograph equations (Section 6 & 7). The special
internal symmetry of these systems is then discusses in a companion article [22].
Notation. The convention c = 1 is used throughout, unless specified otherwise.
Events in Minkowski space-time are xµ = (x0, x1, x2, x3), with metric tensor gµν =
diag (−1, 1, 1, 1) , µ, ν = 0, 1, 2, 3. For any 4-vectors aµ = (a0,~a) and bµ = (b0,~b), their
inner product is then a · b = −a0b0 + ~a ·~b.
2. The hodograph in classical Kepler/Coulomb systems
We start with reviewing the essentials of the classical KC analytic hodograph solution.
Further information and discussions may be found in various publications [7, 8, 9, 10,
11, 12, 13, 14].
Considering the classical KC equation of motion
d~p
dt
=
κ
r3
~r , (1)
it is convenient to assume the x, y coordinates for the plane of motion, with the conserved
angular momentum ~ℓ = ~r × ~p = ℓzˆ perpendicular to it. We also use polar coordinates
(r, θ) with the polar-planar unit vectors
rˆ = cos θxˆ+ sin θyˆ , θˆ = − sin θxˆ+ cos θyˆ (2)
satisfying
rˆ = −zˆ × θˆ = −dθˆ
dθ
, θˆ = zˆ × rˆ = drˆ
dθ
. (3)
An essential aspect of the Hamilton-Feynman method is the change from t-
dependence to θ-dependence, employing Kepler’s 2nd law which is the angular-
momentum conservation law,
ℓ = mr2
dθ
dt
. (4)
Then, with ~p = m~v, the momentum equation (1) becomes simply
d~v
dθ
=
κ
ℓ
rˆ , (5)
and using the relation rˆ = −dθˆ/dθ the solution of (5) is immediate,
~v = ~Bo − κ
ℓ
θˆ , (6)
with ~Bo some arbitrary constant vector. Clearly, the simplicity of equation (5) which
leads to this solution is due to the 1/r2 force.
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vx
vy
~v (θ1)
~v (θ2) ~v (θ3)
(a) The hodograph as the circle
Co(ℓ).
x
y
~r (θ1)
~v (θ1)
~r (θ2)
θ~v (θ2)
~r (θ3)
~v (θ3)
(b) Spatial circular motion.
Figure 1. Newtonian KC hodographs for minimum energy states : With spatial
circular motion (right) the hodograph (left) is the canonical circle Co(ℓ) centred at the
origin of the velocity space.
vx
vy
~Bo
~vo (θ1)
~v (θ1)
~vo (θ2)
~v (θ2)
~vo (θ3)
~v (θ3)
(a) The hodograph as the circle
C(ℓ, E′), displaced from the ori-
gin by ~Bo. The velocity vectors
are ~v(θ) = ~Bo + ~vo(θ).
x
y
~r (θ1)
~v (θ1)
~r (θ2)
θ
~v (θ2)
~r (θ3)
~v (θ3)
(b) Spatial elliptic motion.
Figure 2. Newtonian KC hodographs for general bound states : With spatial elliptic
orbit (right) the hodograph (left) is the circle C(ℓ, E′) centred at ~Bo.
The solution (6) describes a circle (or at least a circular arc for unbound systems)
in velocity space,(
~v − ~Bo
)2
=
κ2
ℓ2
, (7)
centred around ~Bo and with radius |κ|/ℓ. Using the relation vθ = rθ˙ = ℓ/(mr), the
energy integral becomes, for total energy E ′,
m~v 2
2
+
κ
r
=
m~v 2
2
+
mκ
ℓ
vθ = E
′ (8)
from which it is easily verified, substituting (6) in (8), that
Bo
2 =
2E ′
m
+
κ2
ℓ2
, (9)
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vx
vy
x
y
~Bo
~vo (θ1)
~v (θ1) ~r (θ1)
~v (θ1)
~vo (−θ∞)
~v (−θ∞)
~vo (θ∞)
~v (θ∞)
(a) Attraction.
vx
vy
x
y
~Bo
~vo (θ1)
~v (θ1)
~r (θ1)
~v (θ1)
~vo (−θ∞)
~v (−θ∞)
~vo (θ∞)
~v (θ∞)
(b) Repulsion.
Figure 3. Newtonian KC hodographs for unbound states : With spatial hyperbolic
orbits (right) the hodographs (left) are finite circular arcs in the angular range
−θ∞ ≤ θ ≤ θ∞, with radii |κ|/ℓ and centred at ~Bo. The velocity vectors are
~v(θ) = ~Bo + ~vo(θ) and are tangent to the arc at both ends.
For any given value of ℓ, the case of minimal energy E ′ is with ~Bo = 0. The corresponding
hodograph is a canonical circle Co(ℓ) drawn by the tips of the vectors ~vo(θ) = − (κ/ℓ) θˆ
centred at the origin of velocity space, with circular spatial motion (Figure 1) ‡. With
increasing energy ~Bo becomes non-zero, and the corresponding hodographs (6) remain
circles C(ℓ, E ′) with the same radius |κ|/ℓ but now centred at ~Bo with elliptic spatial
orbits (Figure 2). For unbound systems the hodographs reduce the infinite spatial
trajectory into a finite circular arc – another merit of the hodograph method – whose
centre is again at ~Bo and with the same radius |κ|/ℓ (Figure 3). The endpoints of the
arc correspond to vθ = 0⇔ r →∞, with ~v tangent to the hodograph.
The (constant) vector ~Bo is known as the Hamilton vector. Its magnitude Bo,
depending on the energy via (9), determines the relative position of the vector :
for E ′ <,=, > 0 the vector ~Bo lies within the hodograph, touches it or exceeds it,
corresponding to elliptic, parabolic or hyperbolic spatial trajectories, respectively (see,
e.g., [8, 9, 10]). In either case, the physical interpretation is that the Hamilton vector ~Bo
‡ The illustrations in Figures 1, 2 & 3 share a common colour code : Velocity vectors ~v(θ) are purple,
the Hamilton vector ~Bo is brown, and the vectors ~vo(θ) are in red. These colours cannot be seen in the
printed version, and the reader is advised to use the on-line or PDF versions.
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transforms the hodographs between configurations that correspond to different values
of the energy, while keeping the same value of the angular momentum.
3. The relativistic velocity space
The relativistic velocity space (RVS) is the space of all future-directed time-like unit
4-vectors, and its usage has the virtue of transforming and displaying kinematical
and dynamical properties in a purely geometrical manner. Since there is no explicit
dependence on time, different points in it may correspond either to the velocity states
of different particles in some instantaneous reference frame, or the velocity state of a
particle in different instances along its world-line.
To the author’s best knowledge, the most thorough account of the RVS is by Rhodes
and Semon [23]. They point at an exercise contained already in the 1951 English edition
of Landau & Lifshitz’ “Classical theory of fields” [24] as the first time the idea of RVS
appeared in English (for an account of the earlier history of the RVS see a comment
by Criado and Alamo [25]). While the Landau & Lifshitz’ exercise dealt only with
the metric properties of the RVS, later applications of the RVS [23, 26, 27] focus on
geometrical derivation of the Thomas-Wigner rotation.
So far, the association of geometry to the RVS used the spatial velocity ~v for
the RVS coordinates, and the metric properties derived from the Lorentz formulae for
relativistic velocity addition [24, 25]. Instead, we use here the relativistic velocity 4-
vector uµ = (γ (v) , γ (v)~v) with the RVS defined as
Vrel ≡
{
uµ =
(
u0, ~u
) |u0 = √1 + ~u 2} (10)
This is a 3-D unit hyperboloid (H3) embedded in a 4-D pseudo-Euclidian space
E(1,3) =
{
wµ =
(
w0, ~w
) ∈ R4|gµν = diag (−1, 1, 1, 1)} (11)
Also, for any uµ ∈ Vrel, let Tu (Vrel) ⊂ E(1,3) be the hyperplane tangent to Vrel at uµ.
Any vector Aµ ∈ Tu (Vrel) satisfies A2 > 0, A · u = 0.
Using uµ as the coordinates of the RVS allows to relate the geometrical properties
of the hyperbolic space with relativistic kinematics and dynamics in a Lorentz-covariant
manner. The geometrical properties of the RVS then follow straight-forward. Further
properties of the RVS are discussed in the companion article [22].
4. The hodograph equation for relativistic Coulomb systems
A relativistic Coulomb system consists of a point particle with mass m whose dynamics
is determined by the Hamiltonian [17]
H (~r, ~p) =
√
~p 2 +m2 +
κ
r
(12)
with the equation of motion identical in form to the Newtonian one (1)
d~p
dt
=
κ
r3
~r . (13)
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The total energy E = H (~r, ~p) and angular momentum ~ℓ = ~r × ~p are conserved, the
latter satisfying
ℓ =
(
E − κ
r
)
r2
dθ
dt
(14)
as the relativistic generalization of the Newtonian angular-momentum conservation law
(4).
Solving the momentum equation (13) in the velocity space provides an elegant
and simple solution for the motion in a relativistic Coulomb system. The key to the
hodograph or velocity space picture is the angular momentum conservation law (14),
the relativistic counterpart of Kepler’s 2nd law. It allows, as above, transition to θ as
the hodograph parameter. The (spatial) linear momentum of the particle is ~p = m~u, so
the momentum equation (13) becomes
d~u
dθ
=
κ
ℓ
u0rˆ . (15)
Using the polar representation ~u = urrˆ+ uθθˆ, the polar-angular equations derived from
(15) are
duθ
dθ
= −ur , dur
dθ
=
κ
ℓ
u0 + uθ , (16)
complemented by the u0-equation also derived from (15),
du0
dθ
=
~u
u0
· d~u
dθ
=
κ
ℓ
~u · rˆ = κ
ℓ
ur . (17)
Equations (15) (or, alternatively, (16)) and (17) constitute the relativistic hodograph
equations.
The relation
uθ =
ℓ
mr
, (18)
another consequence of (14), allows transition from spatial dependencies to velocity
dependencies. In particular, the conserved energy (12) is
mu0 +
κ
r
= E , (19)
so using (18), the energy integral (19) becomes
u0 +
κ
ℓ
uθ =
E
m
(20)
which may also be recognized as an immediate integral of equations (16) and (17).
The virtue of equations (16), (17) and (20) is their linearity with constant
coefficients in the polar representation, a unique feature of the 1/r interaction.
Therefore, explicit solutions providing the hodographs and the corresponding spatial
trajectories are quite immediate to get. However, there is much information and insight
that may be obtained from just studying the equations themselves. We start with this
study in the following section, deferring the explicit solutions to section 6 and 7.
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5. General properties of the relativistic hodographs
5.1. The hodograph equations in the embedding space
Recalling that the velocity space Vrel is embedded in a psudo-Euclidean space E(1,3), we
note that the hodograph equations (15) and (17) may be combined and considered for
arbitrary orbits wµ (θ) = (w0, ~w) in E(1,3), not necessarily confined to Vrel, as
dwµ
dθ
=
κ
ℓ
Ωµνw
ν (21)
with
Ωµν =
(
0 rˆ
rˆ 0
)
=


0 cos θ sin θ 0
cos θ 0 0 0
sin θ 0 0 0
0 0 0 0

 (22)
Since Ωµν = −Ωνµ, it immediately follows, as a general property of the hodograph
equations, that if wµ1 (θ) and w
µ
2 (θ) are both orbits in E
(1,3) that satisfy (21) then the
inner product w1 · w2 is constant. Therefore, any solution of the hodograph equations
is of constant magnitude, and their motion can only be rotational.
Since the hodograph equations in the polar representation (16) & (17) are with
constant coefficients, it follows that (21) generates rotation in E(1,3) relative to the
polar coordinates. In order to identify the axis of rotation, we note that the 4-vector
vµo = (1, ~vo) =
(
1,−κ
ℓ
θˆ
)
(23)
is a particular solution of (21) which is constant relative to the polar coordinates with
components (vor, voθ) = (0,−κ/ℓ) and vo · w = const. for any solution wµ of (21). vµo is
therefore identified as the axis vector, relative to the polar system, of the pseudo-rotation
generated by (21) in E(1,3).
The physical significance of the axis vector vµo is that the energy integral (20) is
identified, for any hodograph uµ in Vrel, as the constant u-component along vµo ,
E
m
= −u · vo . (24)
Its spatial part is the classical 3-vector ~vo = − (κ/ℓ) θˆ which generates the base canonical
circle Co (ℓ) whose shifting by the Hamilton vector ~Bo produces the (Newtonian)
hodograph. vµo is therefore the E
(1,3) extension of ~vo.
5.2. General properties of the relativistic hodographs with relations to the spatial
trajectories
It is evident from equations (16) - (20) and the foregoing discussion that the nature
of the solution, both for the spatial trajectory and the hodograph, depends on the
dimensionless parameters E/m and κ/ℓ. Some further insights thus ensue :
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(i) The relation uθ = ℓ/mr (18) implies uθ ≥ 0. Since u0 ≥ 1 it follows from the energy
integral (20) that
κ
ℓ
uθ ≤ E
m
− 1 (25)
Therefore, if E < m then κ can only be negative (attraction), and for κ > 0
(repulsion) necessarily E ≥ m.
(ii) The relation uθ = ℓ/mr also implies that uθ = 0 (corresponding to r → ∞) is
possible only for unbound systems. The relation u0 =
√
1 + ur2 + uθ2 together
with the energy constraint (20) yield the relation for the polar components,
ur
2 +
(
1− κ
2
ℓ2
)
uθ
2 +
2κE
mℓ
uθ =
E2
m2
− 1 . (26)
(This looks like an equation of conic sections in velocity space, but the variables
here are the polar components and not Cartesian ones, so the actual orbit is much
more complicated.) Then it follows from (26) that for the limiting states
u2r,∞ =
E2
m2
− 1
and therefore necessarily E ≥ m for unbound systems.
(iii) The limiting states uθ = 0 for r →∞ define corresponding angles θ∞1 and θ∞2, so
that an infinite spatial trajectory becomes a finite segment in velocity space with θ
in the range θ∞1 ≤ θ ≤ θ∞2. Near θ∞1 the particle’s motion is towards the centre of
force, therefore there ur,∞1 = ur (θ∞1) = −
√
E2/m2 − 1, while near θ∞2 the particle
recedes from the centre of force and there ur,∞2 = ur (θ∞2) =
√
E2/m2 − 1.
(iv) Since in both endpoints ~u∞ = ur,∞rˆ (θ∞), result of uθ,∞ = 0, it follows that
(d~u/dθ)
∞
is parallel to ~u∞ in both endpoints. This means that in the projection of
the hodograph on the ux-uy plane, the vector ~u∞ is tangent to the hodograph. It
is the same characteristic of the endpoints as in the Newtonian case.
(v) The relativistic velocity space, reduced to uz = 0 (the plane of motion), may be
parameterized as
uµ = (cosh η, sinh η (cosφxˆ+ sinφyˆ)) , η ≥ 0 , 0 ≤ φ < 2π (27)
u0 = cosh η identifies η as the rapidity. φ, the azimuthal angle in velocity space,
is different from θ, which is the azimuthal angle in ordinary space and in velocity
space serves only as the orbit parameter. At the endpoints uµ
∞
= (E/m, ur,∞rˆ∞),
therefore comparison with (27) yields
η∞ = cosh
−1
(
E
m
)
, φ∞1 = θ∞1 + π , φ∞2 = θ∞2 (28)
5.3. The hodograph dependence on the ratio |κ| /ℓ
Further insight requires explicit solution of the hodograph equations. The relativistic
hodograph equations are (16) and (17), constrained with (20). These equations may be
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uncoupled by computing second derivatives, yielding, for the polar components,
d2uA
dθ2
+
(
1− κ
2
ℓ2
)
uA =
E
m
vo,A (29)
for A = 0, r, θ. This will serve now as the basic equation from which the solutions, in
all cases, will be deduced.
It is clear that the nature of the solution depends on the coefficient of uA in (29),
namely on the ratio |κ|/ℓ. This is directly related with the magnitude of the axis vector
(23)
vo
2 =
κ2
ℓ2
− 1
ր
→
ց
ℓ > |κ| ⇔ vµo time-like
ℓ = |κ| ⇔ vµo light-like
ℓ < |κ| ⇔ vµo space-like
(30)
|κ|/ℓ is the magnitude of the spatial velocity on the basis circle formed by vµo , Co(ℓ) =
{vµo (θ)}, whose projection on the wx-wy(w0)-plane is the minimal energy circle in the
Newtonian limit {~vo(θ)} (see Figure 1; the same notation Co(ℓ) is used for both circles
for convenience). Only for ℓ > |κ| are the velocities on Co(ℓ) subluminal. Therefore,
the relativistic requirement that particles’ velocities cannot reach the velocity of light
necessarily implies that the relativistic solution can have a non-relativistic limit only for
vµo time-like (ℓ > |κ|). These cases with Newtonian limit are discussed in the following
section. The cases for ℓ ≤ |κ| don’t have a Newtonian counterpart, and are discussed in
section 7.
Figure 4. The velocity space
hyperboloid Vrel. The axis vector
vµ
o
and the basis circle Co (ℓ) that it
traverses, relative to Vrel, for the 3
possible cases : (i) left arrow – vµ
o
time-
like (ℓ > |κ|); (ii) middle arrow – vµ
o
light-
like (ℓ = |κ|); (iii) right arrow – vµ
o
space-
like (ℓ < |κ|).
A note regarding the hodograph illustrations in the following : Since the relativistic
hodographs are 3-D curves, each of the cases discussed is illustrated with 3 projected
views of a segment of the hodograph – from above, from the side (horizontal) and an
oblique-diagonal view – accompanied by an illustration of the corresponding spatial
orbit. All these illustrations share a common colour code : The thick red line is the
hodograph itself, and in the side and oblique views the orange line is a cross-section of
the velocity space hyperboloid Vrel in the (ux = uy) -u0 plane; the axes with red, blue
and green arrowhead correspond, respectively, to ux, uy and u
0 (the uz axis suppressed).
These colours cannot be seen in the printed version, and the reader is advised to use
the on-line or PDF versions. The scales are different according to case.
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6. Hodographs with Newtonian limit (ℓ > |κ|)
Assuming ℓ > |κ| and introducing the notation
β =
√
1− κ
2
ℓ2
, (31)
the combined solution to equation (29) is found
~u = Bo sin (βθ − ϕ) rˆ +
[
− κE
mℓβ2
+
Bo
β
cos (βθ − ϕ)
]
θˆ
u0 =
E
m
− κ
ℓ
uθ =
E
mβ2
− κBo
βℓ
cos (βθ − ϕ)
(32)
where ϕ is an arbitrary shift angle and Bo is determined by substituting (32) in (26),
Bo =
√
E2
β2m2
− 1 . (33)
The lower bound for the energy is therefore E ≥ βm.
Using the identification uθ = ℓ/mr (18), the equation of the orbit in ordinary space
is immediately obtained from the hodograph solution (32) as
1
r
=
muθ
ℓ
= − κE
ℓ2β2
+
mBo
βℓ
cos (βθ − ϕ) , (34)
recognized as a conic section for βθ as the polar angle, thus rotating conic section relative
to θ.
6.1. The Newtonian limit
In the Newtonian limit uµ → (1, ~v), and, introducing c (light velocity) explicitly, the
dimensionless ratio ℓ/(|κ|c)→ 0. Then the hodograph equation (15) reduces to (5) with
its solution (6). Indeed, in the Newtonian limit the relativistic solution (32) reduces to
~v = Bo sin (θ − ϕ) rˆ +
[
−κ
ℓ
+Bo cos (θ − ϕ)
]
θˆ = Boϕˆ− κ
ℓ
θˆ (35)
where ϕˆ = − sinϕxˆ + cosϕyˆ, thus identifying the vector ~Bo = Boϕˆ as the classical
Hamilton vector. Similarly, denoting E ′ = E − mc2, (9) is easily recognized as the
Newtonian limit of (33).
6.2. Bound states
Returning to the relativistic case, it is easy to verify from (32), using (33), that for
E < m uθ cannot vanish, corresponding to bound states. Extrema are obtained when
ur = 0, namely βθ = ϕ+ nπ , n ∈ Z, with
|κ|E
mℓβ2
− Bo
β
≤ uθ ≤ |κ|E
mℓβ2
+
Bo
β
(36)
Corresponding lower and upper bounds for r are found from uθ = ℓ/mr,
|κ|E −mℓβBo
m2 − E2 ≤ r ≤
|κ|E +mℓβBo
m2 − E2 . (37)
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(a) Hodograph – side view (b) Hodograph – oblique view
(c) Hodograph – above view
x
y
(d) Spatial orbit
Figure 5. Hodograph and spatial orbit for the bound state for vµ
o
time-like (E =
0.6m,κ/ℓ = −√3/2). The trajectory is closed (periodical) because in this particular
case β = 1/2.
Since β 6= 1 the hodograph is not periodic 2π in θ, therefore not circular and the spatial
trajectories are rotating ellipses. Periodicity is obtained only when β is a rational
number. An exemplary hodograph, using the values E = 0.6m, κ/ℓ = −√3/2 (β = 0.5)
together with the corresponding spatial orbit obtained via (34) is demonstrated in
Figure 5.
6.3. Unbound states
For unbound systems, with E ≥ m, uθ vanishes (corresponding to r →∞) for the angles
satisfying
cos (βθ∞ − ϕ) = κE
mℓβBo
, (38)
determining the angular range of the spatial trajectory. The infinite spatial trajectory
becomes a finite segment in velocity space, just as in the corresponding Newtonian cases.
The endpoints of the hodograph are at
θ∞ = ± 1
β
cos−1
(
κE
mℓβBo
)
+
ϕ
β
=


±ψ∞ + ϕ
β
κ > 0
± (π − ψ∞) + ϕ
β
κ < 0
(39)
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(a) Hodograph – side view (b) Hodograph – oblique view
(c) Hodograph – above view
x
y
(d) Spatial orbit
Figure 6. Hodograph and spatial orbit for the repulsion unbound state for vµ
o
time-
like (E = 1.25m,κ/ℓ =
√
3/2). The infinite spatial trajectory becomes a finite segment
in velocity space.
with
ψ∞ ≡ cos−1
( |κ|E
mℓβBo
)
(0 < ψ∞ < π/2) (40)
For actual computations in the following it is also convenient to obtain from (40)
sinψ∞ =
√
E2 −m2
mBo
(41)
To get more insight into the significance of these result let ϕ = 0 so that ~Bo = Boyˆ,
and let us consider separately the cases of repulsion (κ > 0) and attraction (κ < 0).
6.3.1. Unbound states – repulsion For κ > 0 the endpoints are at
θ∞1 = −ψ∞
β
, θ∞2 =
ψ∞
β
In the nonrelativistic limit, where β → 1, the bounds are, as is well-known, |θ∞| < π/2,
but in the ultra-relativistic case, with β → 0, it follows from (41) that the bounds
become
|θ∞| = ψ∞
β
=
ψ∞
sinψ∞
√
E2 −m2
E2 − β2m2 →
√
E2 −m2
E
< 1 [rad]
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(a) Hodograph – side view (b) Hodograph – oblique view
(c) Hodograph – above view
x
y
(d) Spatial orbit
Figure 7. Hodograph and spatial orbit for the attraction unbound state for vµ
o
time-
like (E = 1.25m,κ/ℓ = −√3/2).
The relativistic effect here is therefore contraction of the θ-range. In velocity space the
corresponding bounds are, from (28),
φ∞1 = θ∞1 + π = π − ψ∞
β
, φ∞2 = θ∞2 =
ψ∞
β
φ∞1 is in the second quarter while φ∞2 is in the first, therefore in the course of motion
φ : φ∞1 → φ∞2 so that dφ/dθ < 0, and relative to the angle φ the spatial velocity ~u is
in retrograde, qualitatively the same as for the Newtonian case (see Figure 6).
6.3.2. Unbound states – attraction For κ < 0 the endpoints are at
θ∞1 = −π − ψ∞
β
, θ∞2 =
π − ψ∞
β
The inequality ψ∞ < sin
−1 β which follows from (33) and (41) implies
|θ∞| = π − ψ∞
β
>
π
β
− sin
−1 β
β
(42)
Here there is no upper bound for |θ∞|. In the nonrelativistic limit, with β → 1,
|θ∞| = π − ψ∞, so the size of the θ-range, θ∞2 − θ∞1, doesn’t exceed 2π, and the
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hodograph is just an arc. But in the ultra-relativistic case with β → 0 the lower bound
of |θ∞| satisfies |θ∞|min ≈ π/β−1, so that |θ∞| > π, and the spatial particle’s trajectory
revolves around the centre of force at least once before running away to infinity. In fact,
the rhs of (42) equals π already for β ≈ 0.736, corresponding to ℓ ≈ 1.48|κ|.
Therefore, opposite to repulsion, in case of attraction the relativistic effect is
to enlarge the θ-range, in principle without limit, depending on β. The number of
revolutions of the spatial trajectory around the centre of force is given by
Nrev =
[
θ∞2 − θ∞1
2π
]
=
[
2π − 2ψ∞
2πβ
]
=
[
π − ψ∞
πβ
]
(43)
where [x] is the integer part of x. In velocity space the endpoints are at
φ∞1 = θ∞1 + π = π − π − ψ∞
β
= −(1− β)π − ψ∞
β
, φ∞2 = θ∞2 =
π − ψ∞
β
(44)
The angle φ is defined relative to the origin of velocity space, so the hodograph may
also revolve around the origin, the number of revolutions being
N ′rev =
[
φ∞2 − φ∞1
2π
]
=
[
π − 2ψ∞
2πβ
]
=
[
0.5π − ψ∞
πβ
]
(45)
Since the size of the θ-range θ∞2 − θ∞1 is always larger than the size of the φ-range
φ∞2 − φ∞1 by π, then either N ′rev = Nrev or N ′rev = Nrev − 1.
It should be noted, however, that since −π + ψ∞ ≤ βθ ≤ π − ψ∞, ur vanishes just
once, for θ = 0, with only one value for rmin. The particle therefore spirals inwards with
r monotonically decreasing, reaches rmin and then spirals outwards with r monotonically
increasing.
As a numerical example, let E = 1.25m and |κ| /ℓ = √3/2 so that β = 1/2. Then
ψ∞ ≈ 0.106π, and the endpoints are at
θ∞1 θ∞2 φ∞1 φ∞2
κ > 0 : −0.212π 0.212π 0.788π 0.212π
κ < 0 : −1.788π 1.788π −0.788π 1.788π
For κ < 0 both the spatial trajectory and the hodograph make one complete revolution,
with Nrev = [1.788] = 1 and N
′
rev = [1.288] = 1 (see Figure 7).
7. Hodographs for exclusively relativistic cases
The cases with ℓ ≤ |κ| don’t have a nonrelativistic counterpart§. First we consider
separately the mathematically different solutions for ℓ < |κ| and ℓ = |κ|, and then the
structures of the hodographs and the particle’s spatial trajectories are jointly discussed.
The spatial trajectories in some of these cases with possible physical interpretation were
discussed by Boyer [19], with reference to a work by Darwin [28] which seems to be the
first time these trajectories appeared in the literature.
§ As pointed out in [17] and [19], a non-relativistic limit exists in these cases only for ℓ = 0, but then
the hodograph method doesn’t work.
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(a) Hodograph – side view (b) Hodograph – oblique view
(c) Hodograph – above view
x
y
(d) Spatial orbit
Figure 8. Hodograph and spatial orbit for repulsion for vµ
o
space-like (E =
1.25m,κ/ℓ = 1.5).
7.1. Hodographs for ℓ < |κ|
Introducing the notation
β¯ =
√
κ2
ℓ2
− 1 , (46)
the solution of the hodograph differential equation (29), compliant with (20) and (26)
and satisfying u0 ≥ 1, is
~u = −ǫAo sinh
[
β¯ (θ − θo)
]
rˆ +
{
κE
mℓβ¯2
− ǫAo
β¯
cosh
[
β¯ (θ − θo)
]}
θˆ
u0 = − E
mβ¯2
+
|κ|Ao
β¯ℓ
cosh
[
β¯ (θ − θo)
] (47)
with the coefficient
Ao =
√
E2
m2β¯2
+ 1 , (48)
ǫ = sign (κ) and θo an arbitrary constant shift angle.
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(a) Hodograph – side view (b) Hodograph – oblique view
(c) Hodograph – above view
x
y
(d) Spatial orbit
Figure 9. Hodograph and spatial orbit for repulsion for vµ
o
light-like (E = 1.25m, ℓ =
κ).
7.2. Hodographs for ℓ = |κ|
Assuming κ = ±ℓ, the solution of the hodograph equation (29), compliant with (20)
and (26), is
~u = ±E
m
(θ − θo) rˆ ∓
[
E
2m
(θ − θo)2 − E
2 −m2
2mE
]
θˆ
u0 =
E
m
∓ uθ = E
2m
(θ − θo)2 + E
2 +m2
2mE
(49)
with θo an arbitrary shift angle. The condition u
0 ≥ 1 is clearly satisfied.
7.3. Structure of the hodographs and trajectories
The ensuing results are distinguished according to the sign of κ :
7.3.1. Repulsion The condition uθ ≥ 0 implies, for κ ≥ ℓ, that θ is bounded in a finite
range,
|θ − θo| ≤ θ∞ =


1
β¯
cosh−1
(
κE
mℓβ¯Ao
)
κ > ℓ
√
E2 −m2
E
κ = ℓ
(50)
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(a) Hodograph – side view (b) Hodograph – oblique view
(c) Hodograph – above view
x
y
(d) Spatial orbit
Figure 10. Hodograph and spatial orbit for 1st attraction (unstable bound-like) case
for vµ
o
space-like (E = 0.6m,κ/ℓ = −1.05).
The condition that E > m for κ ≥ ℓ is verified for both cases in (50), for the first using
the identity (
κE
mℓβ¯Ao
)2
− 1 = 1
Ao
2
(
E2
m2
− 1
)
.
The particle comes from infinity (r →∞, uθ = 0) to a minimal distance at θ = θo
rmin =
ℓ
muθmax
=


κE +mℓβ¯Ao
E2 −m2 κ > ℓ
2ℓE
E2 −m2 κ = ℓ
(51)
and then back again to infinity. Denoting θ∞1 = θo − θ∞ and θ∞2 = θo + θ∞,
the θ-range is θ∞1 ≤ θ ≤ θ∞2. As for the Newtonian limit or time-like cases, the
infinite trajectory reduces into an hodograph which is a finite segment between uµ
∞1 =
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(a) Hodograph – side view (b) Hodograph – oblique view
(c) Hodograph – above view
x
y
(d) Spatial orbit
Figure 11. Hodograph and spatial orbit for 1st attraction (unstable bound-like) case
for vµ
o
light-like (E = 0.6m, ℓ = −κ).
(
E/m,− (√E2 −m2/m) rˆ∞1) at θ = θ∞1 and uµ∞2 = (E/m, (√E2 −m2/m) rˆ∞2) at
θ = θ∞2 (see Figure 8 & 9).
7.3.2. Attraction For κ ≤ −ℓ we distinguish between two cases according to E/m :
(i) When E ≥ m the condition uθ ≥ 0 implies
|θ − θo| ≥ θ∞ =


1
β¯
cosh−1
( |κ|E
mℓβ¯Ao
)
κ < −ℓ
√
E2 −m2
E
κ = −ℓ
(52)
Therefore, a situation similar to gravitational singularity is encountered : Either
1) θo + θ∞ ≤ θ < ∞, then the hodograph ia a semi-infinite segment, the particle
arrives from spatial infinity (uθ = 0) and collapses into the centre of force for θ →∞
(uθ →∞, r → 0),
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(a) Hodograph – side view (b) Hodograph – oblique view
(c) Hodograph – above view
x
y
(d) Spatial orbit
Figure 12. Hodograph and spatial orbit for 2nd attraction (collapse) case for vµ
o
space-like (E = 1.25m,κ/ℓ = −1.2).
or 2) −∞ < θ ≤ θo − θ∞, again a semi-infinite hodograph, and the particle bursts
out of the centre of force corresponding to θ→ −∞ (uθ →∞, r → 0) and escapes
to infinity (uθ → 0) (although the latter possibility is bizarre and unlikely, it is
mentioned because of its theoretical possibility) (see Figure 10 & 11).
(ii) When E < m, θ may get any value without bounds, but the particle is spatially
bound within the maximum distance from the centre
rmax =
ℓ
muθmax
=


|κ|E +mℓβ¯Ao
m2 − E2 κ > ℓ
2ℓE
m2 − E2 κ = ℓ
(53)
The particle may start at some distance from the centre of force, then move in a
spiral trajectory towards the centre. At the same time the hodograph starts close
to the centre of velocity space and spirals away to infinity. In the limit θ → ∞
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(a) Hodograph – side view (b) Hodograph – oblique view
(c) Hodograph – above view
x
y
(d) Spatial orbit
Figure 13. Hodograph and spatial orbit for 2nd attraction (collapse) case for vµ
o
light-like (E = 1.05m, ℓ = −κ).
then also ~u→∞, and the particle collapses into the centre of force (see Figure 12
& 13).
8. Concluding remarks
The purpose of the present work is the application of the generally non-familiar
hodograph method – studying the dynamics of a system in velocity space – to a charged
relativistic particle in Coulomb field, with the prospects of applying it in the future to
general EM 2-body systems.
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The hodograph method is applicable, in principle, to all systems with rotational
symmetry, translating dynamical systems in ordinary space to geometrical systems in
velocity space. It uses the rotational symmetry of the system and the associated angular-
momentum conservation to transform spatial dependencies to velocity dependencies
and eliminate using the time as evolution parameter (via (18)). The use of rotational
symmetry in this way is an essential part of the method. It is important to emphasize
that the hodograph method is an analysis confined only to the velocities. The velocity
space is the entire arena for the hodograph method, and its geometry plays a major roˆle
in the application of the method.
The hodograph method has the merit that when applied to systems with κ/r
potentials, as the Kepler/Coulomb systems, Newtonian and relativistic alike, the
velocity equations are simply linear, providing a very straight-forward and elegant
means to analyze the dynamics of the system. These equations and their solutions
were discussed and illustrated for the various combinations of the coupling constant κ
and angular momentum ℓ. In particular, the deduction of the spatial trajectories from
the hodographs was demonstrated.
Perhaps the most significant feature of the relativistic velocity space Vrel is its being
a curved manifold – hyperboloid H3 – embedded in the 4-D pseudo-Euclidean space
E(1,3). In the Newtonian velocity space, being Euclidean E3, the minimum energy circle
Co(ℓ) retains its shape when translated by the Hamilton vector for higher energy states
(Figure 2 & 3). In Vrel, on the other hand, the base circle Co(ℓ), created by the vector vµo
(see Figure 4), when shifted necessarily creates a 3-D trajectory. Moreover, it is evident
from Figure 4 that only in the case ℓ > |κ| – for which the spatial velocities on the base
circle Co(ℓ) are subluminal – the vector v
µ
o , being time-like, points towards the interior of
Vrel. Then, if continued, it punches through the hyperboloid into its interior and draws
on it a horizontal circle which is the minimum energy hodograph uµ = β−1vµo (θ|ℓ). Only
in this case (ℓ > |κ|) a nonrelativistic limit exists. The corresponding spatial trajectories
show the familiar features of rotating conic sections [17, 19], such as rosettes for bound
states or encircling the centre of force in unbound states.
Otherwise, for ℓ ≤ |κ|, vµo points outside of the hyperboloid : a light-like vµo (for
ℓ = |κ|), if continued, approaches the hyperboloid asymptotically, while a space-like
vµo (for ℓ < |κ|), if continued, recedes from the hyperboloid. In either case, vµo cannot
draw a circle on the hyperboloid, and no nonrelativistic limit exists. In the absence of a
non-relativistic limit the spatial trajectories in these cases feature unfamiliar properties,
like spiraling and collapsing into the centre of force [17, 19].
The common feature of all Newtonian KC hodographs is them being circles, or
circular arcs, whose radius depends very simply on the angular momentum as R = |κ|/ℓ,
independently of the energy. The energy dependence enters only through the magnitude
of the (constant) Hamilton vector ~Bo, which uniformly displaces the hodograph from the
minimum energy state to its actual state; the direction of ~Bo determines the orientation
of the spatial trajectory. The existence of constant or conserved quantity that determines
the configuration of a physical system is usually regarded as an indication of a symmetry.
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It is therefore appropriate to regard these features as constituting a symmetry, which we
call Hamilton symmetry – a symmetry that acts on the hodographs in velocity space,
changing the value E of the energy while keeping the same value ℓ for the angular
momentum.
Since the Newtonian velocity space is Euclidean, the action of the Newtonian
Hamilton symmetry is additive and therefore straight-forward. But on the hyperbolic
Vrel the action of Hamilton symmetry is much more intricate and deserves discussion.
The study of Hamilton symmetry for relativistic Coulomb systems is the subject of
the companion article [22], high-lighting various features of these systems not realized
otherwise. Besides the interest in this physical issue per se, it is hopes that it may also
assist towards a full solution of the relativistic 2-body EM problem.
[1] Hamilton W R 1847 The hodograph, or a new method of expressing in symbolical language the
Newtonian law of attraction Proc. R. Irish Acad. 3 344-53
[2] Maxwell J C 1925 Matter and Motion (London: Sheldon Press) p107-9
[3] Goldstein H, Poole C and Safko J 2000 Classical Mechanics (New York: Addison-Wesley)
[4] Landau L D and Lifshitz E M 1976 Mechanics (Oxford : Pergamon)
[5] Goldstein H 1976 More on the prehistory of the Laplace or Runge-Lenz vector Am. J. Phys. 44
1123-4.
[6] Goodstein D L and Goodstein J R 1996 Feynman’s Lost Lecture: The Motion of Planets Around
The Sun (New York: Norton)
[7] Milnor J 1983 On the geometry of the Kepler orbits Am. Math. Monthly 90 353-65
[8] Sivardie´re J 1992 Comments on the dynamical invariants of the Kepler and harmonic motions
Euro. J. Phys. 13 64-9
[9] Gonza´lez-Villanueva A, Guillaumı´n-Espan˜a E, Nu´n˜ez-Ye´pez H N and Salas-Brito A L 1996 In
velocity space the Kepler orbits are circular Eur. J. Phys. 17 168-71
Gonza´lez-Villanueva A, Guillaumı´n-Espan˜a E, Mart´ınez-Romero R P, Nu´n˜ez-Ye´pez H N and Salas-
Brito A L 1998 From circular paths to elliptic orbits: a geometric approach to Kepler’s motion
Eur. J. Phys. 19 431-8
[10] Butikov E I 2000 The velocity hodograph for an arbitrary Keplerian motion Eur. J. Phys. 21 1-6
[11] Derbes D 2001 Reinventing the wheel: hodographic solutions of the Kepler problems Am. J. Phys.
69(4) 481-9
[12] Kowen M and Mathur H 2003 On Feynman’s analysis of the geometry of Keplerian orbits Am. J.
Phys. 71(4) 397-401
[13] Mun˜oz G 2003 Vector constants of the motion and orbits in the Coulomb/Kepler problem Am. J.
Phys. 71(12) 1292-3
[14] Carin˜ena J F, Ran˜ada M F and Santander M 2016 A new look at the Feynman ‘hodograph’
approach to the Kepler first law Eur. J. Phys. 37 025004
[15] Apostolatos T A 2003 Hodograph: a useful geometrical tool for solving some difficult problems in
dynamics Am. J. Phys. 71(3) 261-6
[16] Stephas P 1978 Relativistic two-body electrodynamnics Am. J. Phys. 46(4) 360-5
[17] Landau L D and Lifshitz E M 1975 The Classical Theory of Fields (Oxford : Pergamon) Ch. 39
[18] Torkelsson U 1998 The special and general relativistic effects on orbits around point masses Eur.
J. Phys. 19 4594
[19] Boyer T H 2004 Unfamiliar trajectories for a relativistic particle in a Kepler or Coulomb potential
Am. J. Phys. 72(8) 992-7
[20] Stahlhofen A A 2005 Relativistic trajectories and the Runge-Lenz vector Am. J. Phys. 73(7)
The hodograph method for relativistic Coulomb systems 24
[21] Ben-Ya’acov U 2017 Back to epicycles – relativistic Coulomb systems in velocity space
http://arxiv.org/abs/1701.04035 ; to be published in J. Phys. conf. ser.
[22] Ben-Ya’acov U 2017 Hamilton’s symmetry for relativistic Coulomb systems
[23] Rhodes J A and Semon M D 2004 Relativistic velocity space, Wigner rotation and Thomas
precession Am. J. Phys. 72 (7) 943-60; doi: 10.1119/1.1652040
[24] Landau L D and Lifshitz E M 1975 The Classical Theory of Fields (Oxford : Pergamon) Ch. 5
[25] Criado C and Alamo N 2001 A link between the bounds on relativistic velocities and areas of
hyperbolic triangles Am. J. Phys. 69(3) 306-10 (2001); doi: 10.1119/1.1323963
[26] Urbantke H 1990 Physical holonomy, Thomas precession, and Clifford algebra Am. J. Phys. 58(8)
747-50; doi: 10.1119/1.16401
Urbantke H 1991 Erratum: ”Physical holonomy, Thomas precession, and Clifford algebra” [Am.
J. Phys. 58, 747-750 (1990)] Am. J. Phys. 59 1150; doi: 10.1119/1.16845
[27] Aravind P K 1997 The Wigner angle as an anholonomy in rapidity space Am. J. Phys. 65(7)
634-6; doi: 10.1119/1.18620
[28] Darwin C G 1913 ⁀Phil. Mag. 25 201
